The notion of a plump subgroup was recently introduced by Amrutam. This is a relativized version of Powers' averaging property, and it is known that Powers' averaging property is equivalent to C*-simplicity. With this in mind, we introduce a relativized notion of C*-simplicity, and show that for normal subgroups it is equivalent to plumpness, along with several other characterizations.
Introduction and statement of main results
Throughout this paper, unless specified otherwise, G denotes a discrete group, H a subgroup of G, N a normal subgroup of G, and A a C*-algebra equipped with an action of G by *-isomorphisms. The reduced group C*-algebra of G is denoted by C * λ (G), the canonical trace on C * λ (G) by τ λ , and the reduced crossed product of A and G by A ⋊ λ G. All topological G-spaces will be assumed to be compact and Hausdorff.
A recent result of Amrutam [Amr18, Theorem 1.1] gives a sufficient condition for all intermediate subalgebras B satisfying C * λ (G) ⊆ B ⊆ A ⋊ λ G to be of the form A 1 ⋊ λ G for some G-C*-subalgebra A 1 ⊆ A. Namely, he introduces the notion of a plump subgroup, and proves that the above intermediate subalgebra property holds if the kernel of the action G A contains a plump subgroup of G. For convenience, we recall the definition here: However, the following remark shows that, for [Amr18, Theorem 1.1], it suffices to consider only normal subgroups: Remark 1.2. Assume H ≤ K ≤ G, and H is plump in G. Then it is clear that K is also plump in G. In particular, the kernel of the action G A contains a plump subgroup of G if and only if the kernel itself is plump.
Sufficient characterizations of plumpness are given in [Amr18, Section 3] . In particular, when N is normal in G, the fact that the action of N on its Furstenberg boundary ∂ F N extends uniquely to an action of G (see, for example, [Oza14, Lemma 20]) comes in useful. It is worth noting that, by uniqueness, there is no ambiguity when referring to the action of G on ∂ F N . In this case, it is shown that if N is C*-simple and has trivial centralizer in G, then G acts freely on ∂ F N , which in turn implies N is plump in G [Amr18, Corollary 3.2]. One of the results we will show is that the converses to these statements also hold: Theorem 1.3. Assume N ⊳ G is normal. The following are equivalent: 1. N is plump in G.
The action G
∂ F N is free.
3. There exists some G-minimal, N -strongly proximal, G-topologically free space. 4 . N is C*-simple and C G (N ) = {e}.
G is C*-simple and C G (N ) = {e}.
Setting N = G in the above theorem gives back various equivalences between C*-simplicity and other characterizations.
Remark 1.4. Plumpness is a relativized version of Powers' averaging property, and so setting N = G in Theorem 1.3, we get back that G is C*-simple if and only if it satisfies Powers' averaging property -see [Ken15, Definition 6.2] and [Ken15, Theorem 6.3], or [Haa16, Theorem 4.5] . In fact, if G contains any (not necessarily normal) plump subgroup H, then we see that both H and G satisfy Powers' averaging property, and so both are C*-simple.
Similarly, one also obtains the dynamical characterization given in part of [KK17, Theorem 6.2] by setting N = G, namely that G is C*-simple if and only if it acts (topologically) freely on its Furstenberg boundary, if and only if it acts topologically freely on some G-boundary.
From here, it is natural to ask if plumpness is equivalent to some generalized notion of C*-simplicity. To answer this question, we introduce the notion of relative simplicity of C*-algebras, and using this, relative C*-simplicity for groups. Definition 1.5. Assume A is a unital C*-algebra, and B ⊆ A is a unital sub-C*algebra. We say that B is relatively simple in A if any unital completely positive
Theorem 1.6. Assume N ⊳ G is normal. The following are equivalent:
Remark 1.7. For consistency, we will use the term relatively C*-simple in place of plump throughout the rest of this paper when it comes to normal subgroups.
We may also ask what other characterizations of C*-simplicity generalize to an equivalent characterization of relative C*-simplicity. Kennedy 
2. There is no amenable N -residually normal subgroup of G.
3. There is no nontrivial amenable N -uniformly recurrent subgroups of G.
Proof of (most of) main results
We first prove Theorem 1.3, most of which is already proven in [Amr18] . First, we dualize the definition of plumpness to pass from the C*-algebra C * λ (G) to its state space: It is clear that (2) =⇒ (3) holds, as ∂ F N is such a space. The converse (3) =⇒ (2) is surprisingly nontrivial to prove, and its proof will be delayed to Section 3.
It remains to show (1) =⇒ (4). To this end, we note that N is C*-simple by Remark 1.4. Assume it is not the case that C G (N ) = {e}, and choose a nontrivial amenable subgroup K ≤ C G (N ). We know that the canonical character 1 K : K → C extends to a *-homomorphism 1 K : C * λ (K) → C, and that there is also a canonical conditional expectation E K : C * λ (G) → C * λ (K) mapping λ t to itself if t ∈ K, and zero otherwise. It is easy to check that the composition 1 K • E K : C * λ (G) → C is an N -fixed state, which contradicts Lemma 2.1.
We now aim to prove Theorem 1.6. Some easy observations about relative simplicity as defined in Definition 1.5 are in place. 
If
Proof. First, to prove (3), let φ : B → B(H) be a unital completely positive map which is a *-homomorphism on A. This extends to a unital completely positive map φ : C → B(H), which is faithful by assumption, and so φ is faithful, showing A is relatively simple in B. It is clear that B is relatively simple in C almost by definition. Claim (1) follows from the fact that for *-homomorphisms, faithfulness and injectivity are equivalent. Finally, (2) follows by applying (3) to get that A is relatively simple in B, then applying (3) again to the containment A ⊆ B ⊆ B to conclude that B is relatively simple in itself, and finally applying (1).
We also make use of the following lemma:
Proof. Observe that Lemma 2.1 tells us that, because τ λ is H-invariant, H is plump if and only if there are no nontrivial H-irreducible closed convex subsets of S(C * λ (G)). As the closure of the extreme points of any such subset is an H-boundary [Gla76, Theorem III.2.3], this is equivalent to there being no nontrivial H-boundaries in S(C * λ (G)). From here, the proof is analogous to that of [Ken15, Proposition 3.1].
Proof of Theorem 1.6.
(1) =⇒ (3) This argument is adapted from part of the proof of (2) =⇒ (1) in [BKKO17, Theorem 3.1]. Assume φ : C(∂ F N ) ⋊ λ G → B(H) is unital and completely positive, and also a *-homomorphism on C * λ (N ). We may equip B(H) with an N -action given by s · T = φ(λ s )T φ(λ s ) * for s ∈ N and T ∈ B(H). Further, φ is N -equivariant with respect to this action on B(H), as C * λ (N ) lies in the multiplicative domain of φ. We also have that, by injectivity, there is an N -equivariant unital completely positive map ψ :
by rigidity, and so C(∂ F N ) lies in the multiplicative domain of this map. Combining these two observations yields that ψ • φ is the canonical expectation, which is faithful, and so φ is faithful.
(3) =⇒ (2) This follows from Proposition 2.2.
(2) =⇒ (1) Assume (1) does not hold. We know that N must be C*-simple by Proposition 2.2, and so looking back at Theorem 1.3, it must be the case that C G (N ) = {e}. Choose any nontrivial amenable subgroup K of C G (N ), and note that N ∩ K = {e}, as N has trivial center (C*-simplicity implies trivial amenable radical). Thus, N K ∼ = N × K, and so C *
) denote the extension of the left-regular representation of N to C * λ (N ), and 1 K : C * λ (K) → C the extension of the trivial character, we have N ) ) is a non-faithful *-homomorphism. Thus, any unital completely positive extension φ : C * λ (G) → B(ℓ 2 (N )) will be nonfaithful, yet be a *-homomorphism on C * λ (N ). (3) =⇒ (4) This follows from Proposition 2.2. (4) =⇒ (1) This implication will be quite similar to (2) =⇒ (1). Assume that (1) doesn't hold, and observe that by Proposition 2.2,
is a non-faithful *-homomorphism. Any unital completely positive extension to C * λ (G) will contradict the assumption of (4).
Proof of Theorem 1.9.
(2) =⇒ (1) Assume (1) does not hold. Applying Theorem 1.3, we either have that N is not C*-simple, or C G (N ) = {e}. If N is not C*-simple, then by Kennedy's intrinsic characterization of C*-simplicity [Ken15, Theorem 5.3], N has a nontrivial amenable N -residually normal subgroup. If, on the other hand, C G (N ) = {e}, then any nontrivial amenable subgroup of C G (N ) is N -residually normal.
(1) =⇒ (2) This is analogous to [Ken15, Remark 4.2]. For convenience, we give the modified argument here. Assume (2) doesn't hold, and K is a nontrivial amenable N -residually normal subgroup of G. Amenability tells us that there is some K-invariant measure µ ∈ P (∂ F N ). Strong proximality tells us that there is a net (s λ ) ⊆ N with s λ µ → δ x for some x ∈ ∂ F N . Dropping to a subnet, we may assume that (s λ Ks −1 λ ) is also convergent to some L, and L = {e} by assumption. Chopping off the start of our net, we may in addition assume that there is some l ∈ L \ {e} with l ∈ s λ Ks −1 λ for all λ, i.e. l = s λ k λ s −1 λ for some k λ ∈ K. From here, we note that
This shows lx = x, and so G cannot act freely on ∂ F N .
(2) ⇐⇒ (3) If K is any nontrivial amenable N -residually normal subgroup of G, then any N -minimal subset of the closed N -orbit of K is an N -uniformly recurrent subgroup. Conversely, any element of an N -uniformly recurrent subgroup is N -residually normal by definition.
We conclude this section with some remarks.
Remark 2.4. Countability of N or G is not a requirement for any of the above characterizations to hold, nor is it required for any of the C*-simplicity analogues of the above characterizations obtained by setting N = G (some of which were applied in the proof of this theorem).
Remark 2.5. Some of the characterizations we have given are closed under taking supergroups. Namely, if H ≤ G is any (not necessarily normal) subgroup that satisfies any of Theorem 1.3 (3) or (5), Theorem 1.6 (2), or Theorem 1.9 (2) or (3), then so does any subgroup of G containing H. In particular, any normal subgroup of G containing H is relatively C*-simple.
The universal G-minimal, H-strongly proximal space
This section is essentially dedicated to proving (3) =⇒ (2) in Theorem 1.3, along with all of the necessary prerequisites.
Proof. The proof is quite similar to the topological proof of the existence of the Furstenberg boundary, a very brief sketch of which is given in [Fur73, Proposition 4.6]. We fill in the details and modify the argument appropriately here.
Let {X α } α∈A denote the set of all up-to-isomorphism G-minimal, H-strongly proximal spaces, where isomorphism refers to G-equivariant homeomorphism. Note that these can indeed be put into a set, as all of these spaces are necessarily the continuous image of βG by minimality, so there is a limit on the cardinality of these spaces.
We claim that the space X := α X α is still H-strongly proximal. To see this, given any measure µ ∈ P (X), we note that for any α ∈ A, there is a net (h λ ) ⊆ H with (h λ µ) converging to a Dirac mass when restricted to C(X α ). From here, it is easy to see that this can be done on finitely many α 1 , . . . , α n ∈ A. Now for each finite F ⊆ A, letting µ F ∈ Hµ be a Dirac mass when restricted to each C(X α ) for α ∈ F , we note that any cluster point of the net (µ F ) (indexed over finite subsets of A, ordered under inclusion) is necessarily a Dirac mass on the entire space X. Let B(G, H) be a G-minimal subset of X. It is clear that this space is still Hstrongly proximal. We will also show that it is universal. Given any X α , consider the coordinate projection map π α : X → X α . We see that π α | B(G,H) : B(G, H) → X α is still surjective, as the image of this map is closed and G-invariant, and X α is G-minimal.
Finally, this space is unique up to isomorphism. Indeed, if B ′ is another universal space, then there are G-equivariant continuous maps φ 1 : B(G, H) → B ′ and φ 2 :
are necessarily the respective identity maps between these spaces, as these spaces are both G-boundaries, and, assuming they exist, morphisms between Gboundaries are unique [Fur73, Proposition 4.2]. [Mon19] , and so we avoid using the term Furstenberg boundary and notation ∂(G, H) to describe the universal object from Proposition 3.1. Our notation B(G, H) is derived from Furstenberg's notation B(G) for the Furstenberg boundary of G, given in [Fur73, Proposition 4.6].
Remark 3.2. A different notion of relative Furstenberg boundary is presented in
Lemma 3.3. Assume N ⊳ G is normal. Then any G-minimal, N -strongly proximal space X is also N -minimal. Proof. Given that N -minimal components are always disjoint, and strong proximality implies proximality, it is easy to see that there can only be exactly one N -minimal component in X -call it M . Further, we note that any translate tM (where t ∈ G) is still N -invariant. Indeed, N tM = tN M = tM , and so M ⊆ tM by uniqueness. Using this, we also obtain tM ⊆ t(t −1 M ) = M , and so M is G-invariant. But X is assumed to be G-minimal, and so M = X, i.e. X is N -minimal.
Proof. Letting B(G, N ) denote the universal such space, there is a G-equivariant continuous surjection φ 1 : B(G, N ) → ∂ F N . However, our previous lemma tells us that B(G, N ) is in fact an N -boundary, and so there is an N -equivariant continuous surjection φ 2 : ∂ F N → B(G, N ) . The composition φ 1 • φ 2 : ∂ F N → ∂ F N is Nequivariant, and thus necessarily the identity map. This shows φ 2 is injective, hence bijective. Thus, φ 1 is also bijective, and therefore the isomorphism we are looking for.
It is worth emphasizing a subtle point -Lemma 3.3 tells us that any G-minimal, N -strongly proximal space is the N -equivariant image of ∂ F N . However, Corollary 3.4 gives us a G-equivariant map.
Proof of Theorem 1.3, (3) =⇒ (2). Assume X is G-minimal, N -strongly proximal, and G-topologically free. By Corollary 3.4, there is a G-equivariant continuous map φ : ∂ F N → X. We claim that the G-action on ∂ F N is free. To this end, assume otherwise, so that there is some t ∈ G with U := Fix ∂ F N (t) nonempty. Note that U is clopen by Frolík's theorem. We know that ∂ F N = s 1 U ∪ · · · ∪ s n U for some s i ∈ N , by minimality and compactness. Thus, X = s 1 φ(U ) ∪ · · · ∪ s n φ(U ), and so φ(U ) being closed implies it has interior. But φ(U ) ⊆ Fix X (t), contradicting topological freeness. This shows that the action of G on ∂ F N is free.
Examples
It is worth noting that the characterization of being C*-simple and having trivial centralizer, originally given as a sufficient condition in [Amr18, Corollary 3.2], is perhaps the "nicest" characterization of relative C*-simplicity. As such, some of the examples below will still be proven with this result, as opposed to our new results.
Free products
Given that the canonical example of a C*-simple group is F 2 , the free group on two generators, it is worthwhile to use this as an easy example. We will re-prove the following special case of [Amr18, Example 3.8] using one of our new results. Proof. The Nielsen-Schreier theorem tells us that any subgroup of a free group is free. Thus, the only nontrivial amenable subgroups of F 2 are the cyclic subgroups. Given any such subgroup x , assume first that the reduced word of x starts with b or b −1 . Then the reduced word length of a n xa −n is eventually strictly increasing, showing that a n xa −n → {e} in the Chabauty topology. This is also true if the reduced word of x ends with b or b −1 . Finally, if both the start and end of x lie in a, a −1 , then the reduced word length of (bab −1 ) n x(bab −1 ) −n is strictly increasing, and so (bab −1 ) n x(bab −1 ) −n is Chabauty-convergent to {e}. By Theorem 1.9, we are done.
We will also generalize [Amr18, Example 3.8] to free products as follows:
Theorem 4.2. Assume G = H * K, where H and K are nontrivial, and they are also not both Z 2 . Then any nontrivial normal subgroup of G is relatively C*-simple.
Proof. It is known that any such group is C*-simple [PS79] . Hence, any normal subgroup N ⊳ G is C*-simple as well by [BKKO17, Theorem 1.4]. It remains to show that any nontrivial normal subgroup has trivial centralizer. Assume otherwise, so that there exists some normal subgroup N = {e} with C G (N ) = {e}, and pick nontrivial elements x ∈ N and y ∈ C G (N ). C*-simplicity of N tells us that N has trivial center, i.e. N ∩ C G (N ) = {e}, and so x, y ∼ = x × y . But the Kurosh subgroup theorem tells us that
for some subset X ⊆ G and subgroups H i ≤ H, K j ≤ K. There are two cases when such a subgroup is abelian. The first case is if X is a singleton, and I and J are empty. This is impossible, as x × y is not isomorphic to Z. The second case is if, without loss of generality, x × y is some conjugate
But both N and C G (N ) are normal subgroups of G, and so this says that there are some nontrivial s ∈ N and t ∈ C G (N ) that both lie in H. However, if we choose any nontrivial r ∈ K, then t cannot commute with rsr −1 ∈ N , a contradiction. Proof. Observe that ⊕N i is normal in G i , and the commutator of this subgroup is C G i (N i ). By Theorem 1.3, this commutator is trivial, and so applying this theorem again, ⊕N i is relatively C*-simple in G i .
Direct products

Wreath products
Recall that the (unrestricted) wreath product Proof. Note that ⊕ H N is normal in G ≀ H. It is easy to check that the canonical action of H G on H ∂ F N , together with the action of H on H ∂ F N by lefttranslation, extend to an action of all of G ≀ H. It is also not hard to see that ⊕ H N acts strongly proximally and G ≀ H acts minimally on this space. It remains to show that the action of G ≀ H is still topologically free. To this end, first consider any nontrivial element of the form ((g h ), e) ∈ G ≀ H. Its fixed point set is given by H Fix(g h ), which is empty by Theorem 1.3 and the assumption that at least one g h = e. Now given any element ((g h ), h 0 ) ∈ G ≀ H with h 0 = e, we note that But given that x h 0 is entirely determined by the value x e takes, this cannot be the case. We conclude that Fix((g h ), h 0 ) has empty interior, and so by Theorem 1.3, we are done.
Remark 4.5. The sufficient condition for plumpness given in [Amr18, Lemma 3.5] assumes the group is countable and has countable fixed point sets. The proof of Theorem 4.4, however, gives a natural class of topologically free boundary actions admitting uncountably many fixed points. Here, we see that H ≤ G ≀ H fixes the diagonal of H ∂ F N , and ∂ F N is uncountable as it is a nontrivial compact Hausdorff space with no isolated points. One could also replace ∂ F N by any G-minimal, Nstrongly proximal, G-topologically free space X, and so any element ((g h ), e) ∈ G≀H admits fixed point set H Fix(g h ), which is uncountable if, for example, Fix(g h ) are nonempty for all h, and at least one g h = e. Finally, while wreath products G≀H are often uncountable (for example, if G = {e} and H is infinite), the same observations hold for the restricted wreath product (⊕ H G) ⋊ H as well, which is countable if G and H are countable.
Proof. As the center is always an amenable normal subgroup, any C*-simple group G must have trivial center. Conversely, assume G has trivial center. We will first show that G has trivial amenable radical. Given any t ∈ G, we have that ( t R a (G))/R a (G) ∼ = t /( t ∩ R a (G)), which is amenable, and so by extension, t R a (G) is amenable, thus cyclic. This shows t commutes with R a (G). Since t was arbitrary, R a (G) ⊆ Z(G) = {e}. Now we wish to show that none of the point-stabilizers G x for x ∈ ∂ F G can be nontrivial. Assume otherwise, so that G x = s for some x ∈ ∂ F G and s = e. If G x were finite, it follow from y∈∂ F G G y = R a (G) = {e} that there are y 1 , . . . , y n ∈ ∂ F G with G x ∩ G y 1 ∩ · · ·∩ G yn = {e}. This contradicts Lemma 4.7. If G x is infinite cyclic, this tells us that there is some y ∈ ∂ F G with G x = G y . Without loss of generality, G x ⊆ G y , and so G x ∩ G y = s n for some |n| ≥ 2. Again, Lemma 4.7 gives us that there is some r ∈ G with rsr −1 = s m for some |m| ≥ 2. It is easy to show that, inductively, r k sr −k = s m k , and so r k s r −k converges to {e} in the Chabauty topology. This can never happen if G x = {e}.
Proof of Theorem 4.6. By Proposition 4.8, any such group is C*-simple. Assume N is a nontrivial normal subgroup, and C G (N ) = {e}. We know that G being C*-simple implies N is C*-simple, and so Z(N ) = N ∩ C G (N ) is trivial. Thus, if we choose nontrivial x ∈ N and y ∈ C G (N ), then x, y ∼ = x × y . Such a group is both amenable and non-cyclic, contradicting our assumption. Hence, any nontrivial normal subgroup has trivial centralizer, and so by Theorem 1.3, we are done.
Recall that the free Burnside group B(m, n) is the universal group on m generators satisfying x n = e for all elements x in the group. The Burnside problem, which was one of the largest open problems in group theory, asked whether such groups are always finite. The answer, as it turns out, is no, and in addition, some of these groups are C*-simple -see [BKKO17, Corollary 6.14]. In particular, they remark that for any m ≥ 2 and n odd and sufficiently large, any non-cyclic subgroup contains a copy of the non-amenable group B(2, n). Hence, we obtain the following: Example 4.9. Assume m ≥ 2 and n is odd and sufficiently large. Then any nontrivial normal subgroup of B(m, n) is relatively C*-simple.
A remark on Thompson's group F
Thompson's group F was the original candidate counterexample for the now-disproven Day-von Neumann conjecture, which stated that a group is non-amenable if and only if it contains a copy of F 2 , the free group on two generators. A good introduction to this, and related groups, can be found in [CFP96] . It is known that F does not contain a copy of F 2 , but whether or not it is amenable is still a large open question in group theory. However, it is known that F is non-amenable if and only if it is C*-simple -see [LM18, Theorem 1.6]. Hence, with a bit of extra work, we obtain the following equivalence: 
